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Effective-bridging modulus, a new nondimensionalized parameter, is defined and introduced in the present work
to study the influence of bridging on the delamination buckling of a trilayer beam with two separated delaminations.
A generalized mathematical model is developed by using the Rayleigh—Ritz energy method and is solved as an
eigenvalue problem. The reinforcement of stitching threads is assumed to provide continuous linear restoring
tractions opposing the opening of the delaminations. Because of the presence of the two separated delaminations, the
trilayer beam is analyzed as seven interconnected beams using the delaminations as their boundaries. Lagrange
multipliers are used to enforce the boundary and continuity conditions between the interconnected beams.
Parametric studies in terms of the sizes and locations of the delaminations on the buckling load have been carried out.
It is observed that bridging strongly influences the buckling load and a monotonic relation is observed between the
buckling load and the effective-bridging modulus. The bridging is found to be effective for thin and shallow
delaminations of moderate lengths. Spanwise positions of the delaminations strongly influence the buckling loads. In
addition, an analytical model for obtaining the upper bounds of the buckling load is presented.

1. Introduction

ELAMINATIONS are common failure modes of the composite

laminates, which arise due to the manufacturing errors (e.g.,
by an imperfect curing process) or in-service accidents (e.g., low
velocity impacts). Under compressive loads, a delaminated com-
posite laminate may buckle and possibly undergo propagation of
the delaminations. This in turn can lead to lowering of the buckling
load of the laminate and lead to an unexpected structural failure at
loads below the design level. It has been demonstrated experi-
mentally and theoretically that adequate through-thickness rein-
forcement prevents the unstable growth of the delaminations by
bridging the delamination cracks [1]. Several authors have
investigated the buckling behavior of the delaminated composite
beams, plates, and shells without considering the bridging [2-11].
The through-thickness reinforcements include stitching or weaving
continuous fiber tows and inserting discontinuous fibrous or metal
rods [12]. Some researchers have focused on the material improve-
ments to increase the resistance to delamination, that is, on the use of
tougher matrices or better fiber/matrix interface or interleaving
concepts [13,14]. The biggest advantage of the stitching when
compared with other methods of the through-thickness reinforce-
ment is its versatility. Bridging and stitching between the
delaminated laminae work together to delay both the delamination
buckling and further delamination expansion and therefore have a
favorable effect on the load bearing capability under edgewise
compression [15]. Stitched composites have been shown in many
cases to have considerable promise for some load bearing structures.
In the aerospace industry stitched composites have been used in the
new generation primary structures for commercial aircraft such as
fuselages and wings. In addition, stitched composites are being
assessed for use in automotive components such as bumper bars,
floor panels, and door members. These applications are showing
encouraging signs for the widespread use of stitched composites in
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marine, land transport, and civil infrastructures. In all of the above
cases, an optimum level of stitching should be sought for the
structure to withstand maximum loads.

Shu and Mai [16,17] showed that adequate crack bridging by
stitching significantly increases the buckling strength of delaminated
composites as well as delays the delamination propagation. Cox [18]
observed that the delamination buckling occurs only if the
delamination length reaches to a particular characteristic length for
thin delaminated beams with stitching. He and Cox [19] suggested
that for cases of curved laminar structures, stitching is effective in
suppressing the crack opening if the ratio between the laminate half-
thickness and stitch radius is above five. Hu et al. [20] observed that
the buckling load decreases monotonically with the increase of the
circular delamination radius. Pan and Herrington [21] noted that the
increase of the stitching thread diameter results in a higher local
buckling strength and reduction in the in-plane strength. Li et al. [22]
observed that the bridging force changes the catastrophic nature of
the delamination growth and increases the stability of the
delamination. Also they noted that the higher the material fracture
toughness, the higher the stability of the delamination growth, and
the smaller the range and dynamic effect of its unstable growth. Gui
and Li [23] investigated the thin film buckling analysis of stitched
composite laminates with an embedded elliptical delamination by
employing the Rayleigh-Ritz energy method. They noted a
significant effect of stitching on the buckling strains and buckling
modes and observed multiple humps in the buckling configurations
for cases of larger delamination sizes. Daridon and Zidani [24]
investigated the influence of fiber bridging at a crack tip on the
propagation due to the local buckling of an existing crack in com-
posite plates under a compressive load. Recently more investigation
has been focused on the crack bridging by metallic rods [25] and
z fibers [26]. Short rods have been advocated as a cost-effective
method of increasing the delamination resistance [27].

The effects of bridging on the delamination buckling of trilayer
beams with two separated delaminations have not yet been studied.
Recently, the present authors studied the effects of bridging on
the delamination buckling of a two-layer delaminated beam by
introducing a nondimensionalized parameter, effective-bridging
modulus [28]. In the present work, a generalized mathematical model
is developed to study the effects of bridging on the delamination
buckling of trilayer beams with two separated delaminations by
using the Rayleigh—Ritz energy method, which is solved as an
eigenvalue problem. Further, upper bounds of the buckling load
are obtained by developing a mathematical model based on the
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Euler-Bernoulli beam theory and by incorporating the appropriate
kinematic continuity and boundary conditions. Results are compared
with the literature for a homogeneous delaminated beam case.
Parametric studies in terms of the sizes and locations of the
delaminations on the buckling load are carried out for homogenous
and trilayer delaminated beams. The values of the effective-bridging
modulus (BM) are chosen for the range of values expected for trilayer
beams made of different material layer combinations. A case study
involving the bridging effects on the delamination buckling analysis
of a trilayer beam made of carbon/epoxy, glass/epoxy, and carbon/
epoxy layers with two separated delaminations has been presented. A
similar analysis can be carried out for different trilayer beams, made
of different materials such as glass/epoxy, carbon/epoxy, and glass/
epoxy, etc. From these studies an optimum level of stitching can be
sought to maximize the strength of the trilayer delaminated beam.

The following section deals with the mathematical modeling of the
present problem. Initially, formulations for lower and upper bounds
of the buckling load are presented based on the Euler—Bernoulli
beam theory. Later, the formulation of a generalized mathematical
model based on the energy method is presented. Finally, the results
are presented.

II. Formulation
A. Problem Definition

The geometry of a trilayer bridged beam with two separated
delaminations is shown in Fig. la. The beam is made of three
distinctive material layers (layers 2, 8, and 6), with thicknesses H,,
Hjg, and Hg, Young’s moduli E,, Eg, and E¢ and Poisson ratios v,, vg,
and vg, respectively. The length of the beam is L and thickness is H.
The two preexisting separated through the width delaminations are
denoted as delamination I (of length a, lying between layers 2 and 8
and located at an offset distance of d; from the center of the beam)
and delamination II (of length b, lying between layers 8 and 6 and
located at an offset distance of d, from the center of the beam). Since
the delaminations are asymmetrically located, the whole beam
configuration is considered while developing the mathematical
models. Considering the through the width delaminations
conveniently defines the unit width of the trilayer beam. Both ends
of the beam are assumed to be clamped and an external load P is
applied along the neutral axis of the beam. Because of the presence of
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Fig. 1 a) A trilayer beam with two separated delaminations; b) an
equivalent beam model of the trilayer beam with two separated
delaminations.

the two separated delaminations, the trilayer beam is analyzed as
seven interconnected beams, that is, virgin beams 1, 4, and 7
(nondelaminated region), and subbeams 2, 3, 5, and 6 (delaminated
region) as shown in Figs. 1b and 2. In Fig. 2, the equivalent beam
model is shown with the neutral axes of the virgin and subbeams. The
virgin and subbeams have thicknesses of H; and lengths of L;
(i = 1-7), respectively. In Fig. 1a, points A and F denote the clamped
ends and B, C, D, and E denote the delamination ends. The
delaminated beam is assumed to be reinforced in the through-
thickness direction by stitches having a bridging modulus of K as
shown in Fig. 3a and the corresponding beam under compressive
loading is shown in Fig. 3b. The bridging modulus depends on the
density and stiffness of the stitches. The coordinate axes for the
subbeams are shown in Fig. 3b, and x is measured from the left end of
the trilayer beam, W;(x) denotes the small elastic deflection of the
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Fig. 2 Equivalent beam model shown with neutral axes positions.
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Fig. 3 a) Trilayer delaminated beam with bridging; b) trilayer
delaminated beam with bridging under compressive loading (shown with
openings of the two separated delaminations); c) linear bridging model.
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neutral axis of the virgin and subbeams (i = 1-7). If the spacing of
the stitching threads is appreciably smaller than the delamination
lengths, the reinforcement of the stitching threads is assumed to
provide continuous restoring tractions opposing the deflection of the
delaminated layers. So, the stitching stress o(x) and the delamination
opening AW(x) (for the case of delamination I, the difference
between the deflections of the two subbeams 2 and 3, that is, W, (x)
and W5 (x); for the case of delamination I, the difference between the
deflections of the two subbeams 5 and 6, that is, Ws(x) and Wg(x))
are assumed to be related by the Winkler elastic foundation model,
that is, o(x) = KAW(x), as shown in Fig. 3c. The Winkler elastic
foundation type of law has been successfully implemented
previously by various researchers for studying the delamination
buckling with bridging [17,18,20,23]. When K — oo, the upper
bounds of the buckling load of a trilayer beam with two separated
delaminations will be obtained. If the spring constant approaches
zero (K — 0), it can be modeled as a nonbridging delamination
problem and that gives the lower bounds of the buckling load [17]. A
direct measurement of K is difficult and it can be obtained by
conducting experiments on two double cantilever specimens with
and without stitching. The difference in compliance between the
stitched and unstitched specimens then may be used to calculate the
bridging modulus. K can also be computed from the elastic modulus
and density of the stitches. If the laminated composite is stitched after
curing of the composite, little bonding exists between the stitches and
the matrix so that K can be readily calculated. If the composite
laminate is stitched before curing, complicated analyses involving
fiber debonding and/or pullout may have to be employed [17]. To
simplify the analysis it is assumed that each layer of the beam is
homogeneous and linearly elastic in nature. The compressive load is
uniform and uniaxial, and the delaminations exist before the
application of the load.

B. Basic Equations

For virgin beams 1, 4, and 7, the equilibrium equation of moment
is given by

(ED;W](x) + P;Wi(x) + Qiox + M;y =0 (i=1,4,7 (la

where (EI); is the flexural rigidity, W/ (x) = d*W,(x)/dx?, P; is the
axial load (P = P, = P, = P;), Q,y and M, are the shear force and
bending moment at the delamination ends. The flexural rigidities are
given by

(ED), = (ED)4 = (ED)7 = (ED), + (EDg + (El)g
+ EyHy (Y) — Y5)? + EgHg(Y, — Yy)? + EqHy (Y, — Yg)?

where Y; (i = 1, 2, 6, 8) are the neutral axis positions of the ith beam
which are given by Y, = (E,H, Y, + EgHyYs + EcHeYe)/(E,Ho+
EgHg + EgHg), Ys=H, + Hg/2, Y, =H,/2, Y3 = (EgHgYs+
E¢HgYy)/(EgHg + EgHg), Ys = (EgHgYy + E,HyY,) /(EgHg+
E,H,) and Ys=H, + Hg + Hg/2. The flexural rigidities of
subbeams 2, 6, and 8 are given by (EI), = E,H3/[12(1 — 13)],
(ED)g = EoH/12(1 — )}, and (ED)s = EgH/12(1 — )], for
isotropic _materials and (EI), = (Ex) H3/[12(1 — U120 )
(EDg = (Eg) 11 Hg /[12(1 — vjpuy)g],  and (EDg = (Eg)1 Hg/
[12(1 — v;,v,)s], for orthotropic materials, where E; = E; stands
for plane stress and E s =E;/(1 - v%) stands for plane strain
problems [29]. The subscript 11 represents the fiber direction.
Subbeams 3 and 5 are bimaterial beams made up of materials
having Young’s moduli E¢ and Ej, E, and Ejy, respectively. The
flexural rigidities of subbeams 3 and 5 are given by (EI); = (El)g +
(EDg + (EH)3(Y3 — Yg)* + (EH)(Y5 — Yo)* and (ED)s = (EI),+
(EDg + (EH)3(Ys — Yg)?* + (EH),(Y5s — Y,)?, respectively.

By differentiating Eq. (1a) twice, the Q,, and M, terms will be
eliminated. Therefore, Eq. (1a) is differentiated twice to yield the
differential equation governing the buckling of the virgin beams 1, 4,
and 7 as

EDJ) +PW/(x) =0  (i=14.7) (1b)
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Fig. 4 Moment equilibrium for subbeam 2.

For subbeam 2, the moment equilibrium of segment Ox about x
yields (by integrating a small strip of length dz from O to x, Figs. 3b
and 4)

(EDW() + PaWa(x) + / "KW (2) — Wa())(x — )z

X2

+ Oyx + My =0 (2

Differentiating Eq. (2) twice gives the following fourth-order
differential equation:

(ED;W"(x) + PW7(x) + K[W,(x) = W3(x)] =0 (3)

Similarly to that of subbeam 2, the equation governing the buckling
of subbeam 3 is given by

(ED;W5"(x) + P3W3(x) + K[W3(x) = W (x)] =0 (4)

Similarly, for subbeam 5, the equation governing the buckling is
given by

(EDsWi"(x) + PsWi(x) + K[Ws(x) = We(x)] =0 (5)

Similarly, for subbeam 6, the equation governing the buckling is
given by

(EDsW{" (x) + PsWi (x) + K[Ws(x) = Ws(x)] =0 (6)

III. Mathematical Model: Lower Bounds
of the Critical Buckling Load

The lower bounds of the critical buckling load of a trilayer bridged
beam with two separated delaminations are obtained by neglecting
the bridging stresses, that is, o(x) = 0, which leads to K = 0. This
problem degenerates into a nonbridging delamination and this case
has been recently studied by the current authors [30] and those results
are quoted here as the lower bounds of the buckling load.

IV. Mathematical Model: Upper Bounds
of the Critical Buckling Load

In this section a mathematical model will be developed based on
the Euler—Bernoulli beam theory and by incorporating appropriate
kinematic continuity and boundary conditions to obtain the upper
bounds of the buckling load of a trilayer delaminated with two
separated delaminations. The developed mathematical model will be
solved as an eigenvalue problem. The upper bounds are obtained by
an infinitely strong through-thickness reinforcement which means
K — oo. Intuitively, stronger bridging (i.e., large K) yields a
stronger structure and thus a higher buckling load. When K — oo,
subbeams 2 and 3 have the same flexural deformation [17] which
gives rise to W,(x) = W;(x). Hence, for subbeam 2, Eq. (3) is
simplified as

(ED,W3" (x) + PyW(x) =0 ™
Similarly, for subbeam 3, Eq. (4) changes into
(ED;Wy"(x) + P3W5(x) =0 ®)
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Thus, from Egs. (7) and (8), the following relation is obtained:

P, Py Py+Py P
(ED, — (ED);  (ED,+ (E);  (ED), + (EI);

&)

The general solution of Eqgs. (7) and (8) is given by
W, (x) = W3(x) = A, cos(Ayx) + B, sin(A,x) + Cox + D, (10)

where A,, B,, C,, and D, are integration coefficients and

Ay = \/Pz/(EI)z-

Similarly, subbeams 5 and 6 have the same flexural deformations
when K — oo, which give rise to Ws(x) = W¢(x). Hence, for
subbeam 5, Eq. (5) is simplified as

(ED)sWY"(x) + PsWy(x) = 0 (1)
Similarly, for subbeam 6, Eq. (6) changes into

(EDeW5"(x) + PsW{(x) =0 (12)
Thus, from Eqgs. (11) and (12), the following relation is obtained:

Ps _ Ps  Ps+Ps P
(EDs — (El)¢ (EDs+ (El)s (EDs+ (EI)s

13)

The general solution of Eqgs. (11) and (12) is given by
Ws(x) = W(x) = As cos(Asx) + Bssin(Asx) + Csx + Ds  (14)

where As, Bs, Cs, and D5 are integration coefficients and
As = y/Ps/(ED)s.

For virgin beams 1, 4, and 7, the governing equation is given by
Eq. (1b) which has general solutions of the form:

W:(x) = A, cos(A;x) + B;sin(A;x) + C;x + D; (i=1,4,7)

5)

where A;, B;, C;, and D; (i = 1,4, and 7) are integrations coefficients
and A; = /P;/(EI); (i = 1,4, 7). From the general solutions of the
virgin and subbeams [Eqgs. (10), (14), and (15)], there exists 20
unknown variables (A;, B;, C;, and D;; i =1,2,4,5, and 7) and it
requires 20 equations to solve for these variables in order to solve it as
an eigenvalue problem. These 20 equations will be obtained from the
boundary and continuity conditions, which are discussed next.

A. Basic Equations
1. Boundary Conditions
For clamped ends at x = x;:

W, () =0 (16)
and

Wi () =0 (17)
at x = xg:

W5(xg) =0 (18)
and

Wj(xg) =0 (19)

Continuity conditions at x = x, = L/2 — a/2 + d, between the
virgin beam 1 and subbeams 2 and 3:
displacement continuity:

Wi(xp) = W(xz) (20
slope continuity:

Wi(x) = W;(x2) @n

shear force continuity:
01(x =x;) = O + O3 (22)
bending moment continuity:

M, (x = x;) = Myy + M3y — AP, (|Y) = Y5|) + AP5(]Y, — Y3))
(23)

where M;(x) = —(EI);W/(x), Q;(x) =—(EI);W/"(x), AP, and
APj; are the incremental axial forces in subbeams 2 and 3, arising
from the axial extension/compression. Before buckling occurs, the
axial strains in subbeams 2 and 3 are identical. When buckling takes
place, the axial stress in the buckled subbeam decreases and varies.
This induces changes in the axial forces in subbeams 2 and 3, which
are denoted as AP, and A P;. In the same process, similar continuity
conditions can be obtained at x = x5 between the virgin beam 4 and
subbeams 2 and 3.

Continuity conditions at x = x, = L/2 — b/2 + d, between the
virgin beam 4 and subbeams 5 and 6:

displacement continuity:

Wylxg) = Ws(xy) 24
slope continuity:
Wj(x,) = Wi(xy) (25)
shear force continuity:
04(x = x4) = Q50 + Qg0 (26)
bending moment continuity:
My(x =x4) = Mso + Mgy — APs(|Ys — Y5|) + APs(1Ys — Y|)
27

where APs and A Py are the incremental axial forces in subbeams 5
and 6, arising from the axial extension/compression. In the same
process, similar continuity conditions can be obtained at x = x5
between virgin beam 7 and subbeams 5 and 6.

2. Additional Conditions

Because of the moment continuity conditions as Eqs. (23) and
(27), there are four additional unknown variables in the form of AP, ,
AP;, APs, and A Pg. Hence the number of unknowns increases to 24
(A;, B;,C;,and D;,i=1,2,4,5,and 7; and AP,, AP5, APs, and
APy), and it requires one to have four additional conditions to solve
for all these variables.

The axial force balance at x = x,:

AP, + AP; =0 (28)
The axial force balance at x = x3

Based on the axial equilibrium of the stretching/shortening of
subbeam 3, we have [30]

LY=L+ Y, = Y;](6, — 6)) (30)
Similarly, for subbeam 5 [30]:
LY =Ls+|Ys —Y,[(0,— 6;) (31)

where L9 and L? are the length of the beam after stretching/
shortening; Ly = a; Ls =b; 6,, 0,, 05, 6, are the slopes at the
delamination fronts x,, x3, x4, and xs, respectively which are
given by

0 = Wilx = xp), 0, = W (x = x3),

(32)
03 = Wi(x = .X4), and 64 = W;(x = .XS)
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B. Nondimensionalization

Nondimensionalization is a process of converting parameters with
units to parameters without units, which starts with a choice of the
scales for the problem. It is essential and important to note that the
boundary conditions also have to be nondimensionalized besides the
various continuity conditions. The lengths of delaminations I and II
(a and b), the locations of the delaminations along the spanwise
positions (d, and d,), neutral axial positions (Y;), individual beam
thicknesses (H;) are nondimensionalized as a = a/L, b =>b/L,
dy=d,/L,dy=d,/L,H,=H;/H,and Y; =Y,/ (i — 1-8).

The buckling load is nondimensionalized as P = P/P,., where for
clamped supports, the critical buckling load is given by
P, = 47%(EI),/L?. Other parameters are nondimensionalized as
A =ML =21yP, =h, =y k=ML =/P,LJEI, (i=2,
3, 5, 6). The 20 integration coefficients have been non-
dimensionalized as A, =A,;/H; B;=B,;/H; C;=C,L/H; D, =
D;/H (=1, 2, 4, 5, 7). The incremental forces are
nondimensionalized as AP; = AP; /P, (i =1,2,3, 5, 6).

C. Eigenvalue Problem

The above 16 equations [Eqs. (16-31)] and eight continuity
conditions at the delamination fronts x =x; and x = x5 are
nondimensionalized and the coefficients of the 20 four unknown
variables are written in a matrix form. Because of the
nondimensionalization of the above equations, the nondimension-
alized buckling load (P = P/P) depends on the material and
geometrical parameters (lengths and locations of the two separated
delaminations, trilayer beam material properties, and beam
configurations). For a nontrivial solution to exist the determinant
of the coefficient matrix must vanish and the lowest eigenvalue gives
the critical buckling load. The system of homogeneous equations
which governs buckling of the delaminated beam are non-
dimensionalized and are written in the form of a matrix as

[PA} =0 33)
where [P] is a 24 x 24 matrix and

{A}T {Alv Bl? CI s DI#AZ B27 Cz, Dz, A4, B4, C4, D4 Ag, BS?
Cs.Ds, A, By, Cq, Dy, AP,, AP5, APs, AP}

The characteristic equation is given by

[Pl =0 (i,j=1-24) 34
and the lowest eigenvalue (A) is a measure of the buckling load. The
LDU decomposition method [31] (any square matrix can be written
as the product of a lower triangular, an upper triangular, and a
diagonal matrix. This product is called an LDU decomposition of the
matrix) and root bisection methods have been used to find out the
roots of the characteristic equation, Eq. (34). FORTRAN programs
based on the above theory have been developed and the values are
computed for different case studies, which are presented in the results
section.

V. Mathematical Model-Delamination Buckling Loads
with Bridging by an Energy Method

The lower and upper bounds of the buckling load are obtained in
the earlier sections by means of analytical methods. The lower
bounds of the buckling load are obtained when K = 0 (no bridging)
whereas the upper bounds of the buckling load are obtained when
K — oo (infinitely strong bridging). To study the effects of bridging
on the delamination buckling, a mathematical model will be
developed in this section by using the Rayleigh—Ritz energy method
as the present problem becomes nonlinear due to the presence of
bridging. Energy methods have been successfully used to obtain
approximate buckling loads of delaminated beams by various
researchers [21,23,32]. The successful application of the Rayleigh—
Ritz method hinges largely on the appropriate choice of the

coordinate functions. In general, each term of the expansion should
satisfy the geometric boundary conditions and kinematic constraints
associated with the problem, which limits the choice of functions in
many case. However, if Lagrange multipliers are included in the
energy expression, each term of the expansion need not satisty the
geometric boundary conditions or constraints [32]. The potential
energy of the trilayer bridged beam with two separated delaminations
is denoted by IT which is written as

O=0(a.a....a,) —ofy —orfy— - —af, (35

where I1 is the initial potential energy of the system when there are
no Lagrange multipliers present; a;,a,,...,a, are several
coordinate functions, representing the displacement function, «,
are the Lagrange multipliers, and the r equations are given by

fr(a17a27"'ﬂan)=0 (36)

Equation (35) contains a group of equations, obtained from the
kinematic constraint conditions which include both the geometric
boundary and kinematic continuity conditions that must be enforced
between the beam regions using Lagrange multipliers in the energy
method. For example, appropriate boundary conditions at the right
end of the beam (i.e., x = x¢) are given by Egs. (16) and (17).
Constraints must be enforced at the junction of subbeams 2 and 3 and
the virgin beam 1 (at x = x,) to ensure that the plane sections of the
beam remain plane. Similarly constraints (continuity conditions)
must be enforced at the junction of subbeams 2 and 3 and the virgin
beam 4 (at x = x3); at the junction of subbeams 5 and 6 and the virgin
beam 4 (at x = x,), and at the junction of subbeams 5 and 6 and the
virgin beam 7 (at x = x5). In Sec. IV continuity conditions between
the virgin and subbeams at the delamination fronts are presented for
the case of upper bounds of the buckling loads. Similarly, continuity
conditions between the virgin and subbeams at the delamination
fronts can be obtained for the present case where subbeams 2 and 3
and subbeams 5 and 6 have different flexural deformations [30]. The
details are omitted here. The boundary conditions for clamped
conditions are given by Eqs. (16-19). Because of the Lagrange
multipliers, the total number of the unknowns becomes n + r, which
are then determined by solving the n + r equations. The » number of
equations are given by

I
a

SE]

=0, foralli=1,2,...,n (37)

=5

and the r equations are obtained from
I
o;

[SE]

=0, foralli=12,...,r (38)

(=5

This process leads to an eigenvalue problem, in which the lowest
eigenvalue gives the nondimensionalized buckling load.

A. Basic Equations

The initial potential energy of the trilayer bridged beam with two
separated delaminations is written as

N=U,+U,+ U, +U,—Q (39)

where U, is the axial strain energy which is given by
e (G e [ (5 o (5 o
eaf ) e [ () e (5 J
+% / 5 Al (%)zdx (40)

U, is the bending strain energy which is given by
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2 2

L)

1 0°W,\2
[ DL(a;)dx (1)

U, is the strain energy due to stitching which is given by

U= [ KOV = WP 45 [ KIS~ Wo(Pas

(42)

U, is the strain energy due to coupling between bending and
stretching and is given by

1 s, (Buy) (92W, 5 au; 32W3
Uf__EL [B“(a )(ax B e ) o )&
L (up (W, 1 fxs o (dus (02Ws
‘5[1 B(ﬂ)(a d’“‘z[4 Bil ox )\ o )&
1 fxs o (ug (92 W 1 fxo . (du;\ (9*W,
5[4 B“(W)(axz d 5[5 Bl ) )&

(43)

and €2 is the potential energy of the applied load, which is given by
oy ] n(e) e [ () +n () o
waf (e [ GE) e o
1)

where AE’,), BY,), and D(]? are the stretching, coupling, and bending
stiffnesses, respectively, and u; is the axial displacement of the ith
beam. If attention is restricted to an isotropic, homogeneous material
then

11 - (EA)t (45)
Bl =0 (46)

and
D) = (EI), 47)

where E; is Young’s modulus, A; is the cross-sectional area, and /; is
the moment of inertia of the ith beam, respectively. The relative
in-plane displacement between subbeams 2 and 3 is given by (at an
arbitrary distance x) [16]

— — 4

L&) e L)
since Eq. (48) contains higher order terms of the slopes of
subbeams 2 and 3 and thus is neglected. Similarly, the effect of
bridging on the relative in-plane displacement between subbeams 5
and 6 is neglected. In Eq. (44), P; represents the axial load carried in

each region of the beam. Because prebuckling bending deformations
are neglected, we have

_(EA),
"7 (EA),

P, (i=12,3,5,6) (49)

Furthermore, only the bending deformation is considered in Eq. (44).
This is because buckling is a bending phenomenon and the axial
deformation that occurs in the equilibrium state before buckling has
no bearing on the evaluation of the critical buckling loads [32]. The
axial strain energy due to the axial displacements is not considered in
the present analysis. In the current study, the assumed displaced
shapes in each of the regions of virgin beams 1, 4, and 7 and
subbeams 2, 3, 5, and 6 are the same as those of the generalized
solutions, considered in the earlier works of the current authors [30],
which are given by

W;(x) = A, cos(A;x) + B;sin(A;x) + Cix + D; (i=1-7)

(50)
where A; = /P;/(EIl); (i = 1-7).

B. Eigenvalue Problem

Based on the energy principle, the equilibrium condition for the
trilayer bridged beam with two separated delaminations is that the
total potential energy should satisfy the first derivative of the
potential energy with respect to the unknown geometric coordinates
and the Lagrange multipliers. The above condition produces the
generalized eigenvalue problem as

I
da;

S5

=0 51)

where a; = A;, B;, C;, D; (i = 1-7), and «; (j = 1-20).

Equation (38) is substituted into Eq. (51) and necessary
differentiation and nondimensionalization are performed to obtain
the system of equations, which is solved as an eigenvalue problem.
The details are omitted here due to brevity. Owing to the
nondimensionalization, the bridging modulus/spring stiffness is
modified and is called the effective-bridging modulus, denoted by
BM, which is given by

64a’LK

~ 7ED), (52)

The BM is a function of the delamination length, slenderness ratio,
and relative bridging modulus, KL/E. Equation (51) becomes a
group of linear equations which are functions of the effective-
bridging modulus, geometric parameters (thicknesses and lengths of
individual sub- and virgin beams) and the nondimensionalized
critical buckling load. These linear homogeneous equations are
written in the matrix form as

[Plila;} =0 (53)

where [P] is a 48 x 48 coefficient matrix, and {a;} is a 48 x 1 matrix
containing the unknown variables, which is given by

{a;}" = {Ala gl» C_‘l?D_lﬁAZﬁé% 62,132,1&3, B3’ 63,D_3,A4,
By, Cy.Dy. As, B, Cs, Ds, Ag, Bg. Co. D, A7, By, C;. D1,
al, 02,03, 04,05, 06,7, 08,09, 210,011, 12, 213,
ald, al5,al16,a17, @18, @19, x20}

The characteristic equation is given by

|Pi_i| =0 (l',j = 1—48) (54)
and the lowest eigenvalue (1) is a measure of the buckling load.
Equation (54) is solved by a similar scheme, discussed in Sec. IV.
The matrix [P] is symmetric in nature. The results have been
presented in the following sections.

VI. Results

In this section, initially, the results of the mathematical model,
which is developed to study the effects of bridging (Sec. V), are
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Table 1 Comparison of normalized buckling loads of a present
mathematical model and Simitses et al. [3] for a homogeneous clamped
beam with a single delamination

b/L Hy,=0.1H Hy, =0.3H Hq =0.5H
Present  Simitses  Present  Simitses  Present  Simitses
etal. [3] et al. [3] et al. [3]

0.2 0.24952  0.2495
0.4 0.06244  0.0624
0.6 0.02783  0.0278
0.8 0.01564  0.0156

099242  0.9924
0.53143  0.5314
0.24351 0.2435
0.13904  0.1390

0.99562  0.9956
0.84815  0.8481
0.54115  0.5411
0.35146  0.3514

compared with the available data in the literature for the
homogeneous nonbridged delaminated beam case as the present type
of problem is studied for the first time. Later, the effects of the lengths
and locations (along thicknesswise and spanwise) of the
delaminations (delaminations I and II) on the lower and upper
bounds of the buckling load as well as the effects of bridging on the
delamination buckling are presented. Selected results are presented
as it is rather difficult to present all the possible combinations of the
various parameters.

A. Homogeneous Bridged Beam with two Separated Delaminations

The accuracy of the mathematical model developed in Sec. V is
verified by comparing the results of the homogeneous delaminated
beam for clamped boundary conditions with Simitses et al. [3]. The
length of delamination I (a/L) is shrunk to 0.001 and is kept at
d; =0.45L and H, = 0.01H to model it as a single delamination
case, by always ensuring that the developed systematic
homogeneous equations are valid in the entire analysis. The
effective-bridging modulus in the mathematical model is set to a
nominal value (i.e., 107°) to neglect the bridging and to model it as a
delaminated beam without bridging. There is excellent agreement
between the present results and that of Simitses et al. [3] observed for
various lengths and locations of delamination Il as shown in Table 1.

1. Influence of Lengths and Locations of Two Separated Delaminations
on Lower and Upper Bounds of Buckling Loads

Figure 5 shows the effect of delamination II on the lower and upper
bounds of the nondimensionalized buckling loads (P) for various
locations of delaminations I and II (H, = Hg = 0.1H, 0.2H, and
0.3H, respectively). The length of delamination I is 0.1L and
d, =0.425L. P(=P/P,,) is the ratio of the buckling load of the
bridged trilayer beam with two separated delaminations and the
buckling load of an intact (no delamination) trilayer beam of the same
size. As the length of delamination II increases, the upper and lower
bounds of the buckling load decrease, for given locations of
delaminations I and II. In the case of the lower bounds of the buckling
load, a local buckling mode occurs as the length of delamination II
increases beyond 0.2L, 0.4L, and 0.5L, respectively [30].

Whereas for the case of the upper bounds of the buckling load, a
mixed buckling mode occurs, once b/L > 0.25. The gap between the
upper and lower bounds of the buckling loads is higher for thin and
longer delaminations, that is, H, = Hs =0.1H and b/L >0.2
(when a/L = 0.1). This suggests that the bridging could be effective
for thin delaminations than for the deep delaminations
(H, = Hg = 0.3H). When the length of delamination I is increased
to 0.5L, the effects of delamination I on the lower and upper bounds
of the buckling load are shown in Fig. 6. The variation in the lower
bounds of the buckling load is nominal for the thin delamination
case, that is, when H, = Hs = 0.1H. Whereas when the two
separated delaminations are located at H, = Hg = 0.2H, when
b/L > 0.3L the lower bounds of the buckling loads decrease rapidly.
In the case of the upper bounds of the buckling load, a monotonic
relation between the length of delamination II and the buckling load
is observed. Figure 7 shows the effects of delamination II and
delamination T on P when the delaminations are located at
H, = 0.2H = Hg. In the case of the lower bounds of the buckling
load, the curves of a/L = 0.1 and a/L = 0.3 merge into a single line

when b/L > 0.35. From this behavior we noted that the longer
delamination (a/L or b/L) of the two separated delaminations
influences the buckling load more than that of the shorter
delamination. In the case of the upper bounds of the buckling load,
the buckling load decreases gradually as the length of delamination IT
increases further. It is interesting to note that in the case of the upper
bounds of the buckling load, the load distribution is proportional to
individual subbeam’s flexural rigidities as subbeams 2 and 3 deflect
together [as given in Eq. (9)]. Whereas for the cases of the lower
bounds, the load distribution is proportional to an individual
subbeam’s axial stiffnesses as subbeams 2 and 3 deflect
independently and a possible local, global, and/or mixed
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Q® 6 5. Hy=Hs=0.3H
NS
0.4+ 4
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2. H=He=0.1H
0.2 4. Hy=Hg=02H
6. H=Hs=0.3H
0.0 T T : :
0.2 0.4 0.6 0.8
b/L

Fig. 5 Effects of delaminations I and II on the lower and upper bounds
of the nondimensionalized buckling loads, a = 0.1L.
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Fig. 6 Effects of delaminations I and II on the lower and upper bounds
of the nondimensionalized buckling loads, a = 0.5L.
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of the nondimensionalized buckling loads, H, = Hs = 0.2H.
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delamination buckling occurs [3,28,33]. In this case of the lower
bounds of the buckling load, before buckling occurs, the axial strains
in subbeams 2 and 3 are identical. When buckling takes place, the
axial stress in the buckled subbeam decreases. This induces changes
in the axial forces in subbeams 2 and 3.

After obtaining an overview of the lower and upper bounds of the
buckling load for various locations and sizes of the separated
delaminations, the effects of bridging on the buckling load are
studied in the following section.

2. Influence of Bridging on Buckling Loads

Figure 8 shows the effect of bridging (in terms of the effective-
bridging modulus, BM) on the nondimensionalized buckling load
(P) for various lengths of delamination II (b) when the length of
delamination I is a =0.1L, d, =0.425L, d, = 0.475L — b, and
H,=H¢=0.1H. When BM is very low (BM < 0.0001), the
buckling load values approach that of the lower bounds and the same
trend continues thereafter. When BM is high (BM = 10.0), for
shorter lengths of delamination II (b < 0.4L), the buckling load
values approach that of the upper bounds. As the length of
delamination II increases further the buckling loads decrease rapidly.
As the BM increases, the buckling load increases and is bounded by
the upper and lower bounds of the buckling load. A small variation in
BM causes a large variation in the buckling load which shows the
strong influence of bridging on the delamination buckling. We
observed a monotonic relation between BM and P. Similar
observations were noted by the current authors [28] for a case of a
two-layer delaminated beam with bridging and by Hu et al. [20], for a
case of bridged beams with a circular delamination. Figure 9 shows
the effect of bridging on P for various lengths of delamination II (b)
when the length of delamination I is a =0.3L, d, =0.325L,
dy, =0475L — b, and H, = Hg = 0.1H. From Fig. 9 it is observed
that the variation of the buckling load is divided into two regions. In
region I, the effect of bridging is nominal for shorter lengths of
delamination I (b/L <0.4). As the length of delamination II
increases further, the buckling load decreases rapidly. It is observed
that for the case of the thin film delaminations (when the thickness of
the subbeams is less than 0.1H) of moderate lengths (delaminations I
and II), the bridging is found to be effective. Figure 10 shows the
effect of BM on P for various lengths of delamination IT when
delaminations I and II are located at thicknesswise positions of
H, =Hys=0.2H. The length of delamination I is 0.3L and
d; = 0.325L. From Fig. 10 it is observed that as delamination II
moves toward the center of the beam (deep delamination), the upper
bounds of the buckling load decrease and at the same time, the lower
bounds of the buckling load increase. Depending upon the lengths of
delaminations I and II, the effect of the bridging on the buckling load
decreases rapidly and a similar trend to that of the lower bounds
follows. Further we noted that for longer and deep delaminations the
influence of the bridging on the buckling load fades away and all the
curves merge into a single line. For shallow delaminations
(H¢ > 0.2H and H, = 0.1H) of moderate lengths (b = 0.35L to
0.50L and a/L = 0.3), the bridging is found be effective. This
observation will vary based on the lengths of delamination I. We also
observed that the thicknesses of the individual subbeams play a vital
role in influencing the buckling load besides the delamination
lengths. For the case of the deeply located delaminations, if the
thickness of subbeam 8§ reduces to less than 0.1H then local buckling
occurs [30]. Therefore, an optimal level of bridging should be sought
to maximize the compressive load bearing capability of a trilayer
delaminated beam.

3. Influence of Spanwise Positions of Delamination Il on Lower and
Upper bounds of Buckling Loads

Figure 11 shows the influence of the spanwise position of
delamination II (d,/L) on the lower and upper bounds of the
nondimensionalized buckling load for various lengths of
delaminations I and II and H, = 0.1H = Hg. Delamination I is
located atd; = 0.3375L. Based on the lengths of delaminations [ and
II, the spanwise position of delamination II is restricted as shown in
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Fig. 8 Effects of bridging on the nondimensionalized buckling loads,
H,=H¢=0.1Hand a =0.1L.
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Fig. 9 Effects of bridging on the nondimensionalized buckling loads,
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Fig. 10 Effects of bridging on the nondimensionalized buckling loads,
H,=02H,Hs=0.2H,and a = 0.3L.

Fig. 11 and the curves end abruptly. The spanwise position of
delamination II is zero, that is, d,/L =0.0 means that
delamination II is located at the center of the beam as shown at the
bottom of Fig. 11. From Fig. 11, it is observed that the spanwise
position of delamination II has a strong influence on the upper
bounds of the buckling loads. Whereas a notable effect on the lower
bounds of the buckling load is observed when delamination II is
located deep inside, that is, H, = Hg = 0.4H as shown in Fig. 12.
For thin delamination cases (H, = 0.1H = Hg), from Fig. 11, it is
observed that for longer delaminations (¢ = 0.3L, b = 0.4L), the
upper bounds of the buckling load are maximum when
delamination 1II is located at the center of the beam and the upper
bounds reduce as delamination Il moves away from the center of the
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trilayer beam. When a = b = 0.3L, the upper bounds of the buckling
load reach a maximum limit for d, = 0.0 and later the upper bounds
reduce initially and increase further as delamination II moves away
from the center of the trilayer beam. The lower bounds of the
buckling load hardly depend on the spanwise positions of
delamination II. As the delamination is deeply located as shown in
Fig. 12 (H, = 0.4H = Hg), the lower bounds of the buckling load
follow the similar trend as that of the upper bounds. Here, the upper
bound values decrease when delamination II moves toward the end
of the beam whereas the lower bound values increase. This suggests
that the lower and upper bounds of the buckling load strongly depend
on the spanwise as well as the thicknesswise positions of the two
separated delaminations.

The following section deals with the parametric studies of the
trilayer delaminated beam with bridging.

B. Trilayer Bridged Beam with Two Separated Delaminations
1. Influence of Bridging on Buckling Loads

The present mathematical model allows different material pro-
perties for a trilayer bridged beam with two separated delaminations.
This enables one to study bridging effects on a wide range of trilayer
beams with two separated delaminations. Figure 13 shows the effect
of bridging on the buckling load of a trilayer delaminated beam. The
trilayer beam is made of 0° plies of carbon/epoxy, glass/epoxy, and
carbon/epoxy layers and the delaminations are located at the
interface between the layers as shown in Fig. 13. H, = 0.1H = Hg
indicates the thickness of the carbon/epoxy layers and Hg(H —
H, — Hy) indicates the thickness of the glass/epoxy layers. The
length of delamination I is 0.3L, d, =0.425L, and H,=
Hg = 0.1H. The material properties of glass/epoxy and carbon/
epoxy plies are taken from the work of Hwang and Mao [34] which
are given for glass/epoxy layers E, = 37.9 GPa, E, = 14.3 GPa,
G,,=5.6 GPa, and v,, =0.29; and for carbon/epoxy layers
E, =121 GPa, E, =121 GPa, G,, = 121 GPa, and v,, = 0.23.
The upper and lower bounds of the buckling load are obtained based
on the developed mathematical models, discussed in Secs. [l and IV,
respectively. From Fig. 13 we observed that the bridging strongly
influences the buckling load. The bridging has a nominal effect on
the buckling load when the delamination length is short, that is,
b/L < 0.3 and when a/L is 0.3. But as the length of delamination II
increases a strong influence of the bridging on the buckling load is
observed. A small variation of BM has a strong influence on P. The
rapid variation in the buckling loads may be due to the change in the
variation of buckling mode configurations. When the effective-
bridging modulus is small (BM = 0.001) its influence is negligible.
In that case, the buckling loads match that of a nonbridging
delaminated beam case. As the effective-bridging modulus increases
further (BM = 0.01), the buckling load bearing capability of a
bridged beam increases which also depends on the length of
delamination I. This indicates that a higher BM is essential for longer
delaminations when the delaminated beam is thicker, that is, deeply
located delaminations of longer length. Lower BM is sufficient to
control the delamination buckling in the case of thinner delaminated
beams if they contain short delamination, that is, shallow
delaminations with short length. Hence, bridging has a strong
influence on the delaminated beams based on the delamination
locations and lengths. Though bridging increases the buckling loads,
the stitch density may affect the structure’s mechanical performance
because damage (due to sewing operation) accumulates as stitches
get closer. Therefore, an optimum level of stitching should be sought
to maximize the strength and toughness of the trilayer beam.

2. Influence of Spanwise Position of Delamination II on Buckling Loads

Figure 14 show the influence of the spanwise position of
delamination II (d, /L) on the buckling load when H, = 0.1H = Hj
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Fig. 14 Effects of the spanwise positions of delamination II on the
nondimensionalized buckling loads of a trilayer beam, H, = 0.1H=
Hg,d, =0.3375L.
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and a = b = 0.3L, for the trilayer beam configurations discussed in
Fig. 13. Delamination I is located at an offset distance of
d; =0.3375L. The bridging has not affected the buckling loads
when the spanwise positions of delamination II are varied. The upper
bounds of the buckling loads are not influenced by the spanwise
positions of delamination II.

VII. Conclusions

The buckling load of a trilayer bridged beam with two separated
delaminations has been obtained by using an energy method and
by solving it as an eigenvalue problem. The upper bounds
of the buckling load have been accurately obtained by using the
Euler-Bernoulli beam theory. A newly modified nondimensional-
ized parameter, effective-bridging modulus is introduced in the
analysis to study the bridging effects on the buckling load. The BM is
a function of the delamination length, slenderness ratio, and the
relative bridging modulus, KL /E (where K is the bridging modulus
and E is Young’s modulus). The buckling load increases
monotonically as the BM increases. The bridging improves the
load bearing capability of a delaminated beam and an optimal level of
stitching should be sought to maximize the compressive strength of
laminate composites. It is worth noting that the longer of the two
separated delaminations strongly influences the buckling load of the
bridged beam. The bridging was found to be effective for the cases of
thin and shallow delaminations of moderate lengths. Spanwise
positions of separated delaminations strongly influence the upper
bounds of the buckling load. The lower bounds and the buckling
loads with bridging are effective for deeply located delaminations of
longer lengths.
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